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Buckling Mode Localization in Randomly Disordered
Multispan Continuous Beams

Wei-ChauXie*
University of Waterloo, Waterloo, Ontario N2L3G1, Canada

Buckling mode localization in large randomly disordered multispan continuous beams is studied. When the
cross-sections of each span are uniform, an exact formulation is employed to establish the equations of equilibrium
in terms of the angles of rotations at the supports. When the cross-sections of each span are not uniform, a
finite element method is applied to set up the governing equations. Two approaches are applied to determine
the localization factors, which characterize the average exponential rates of growth or decay of amplitudes of
deformation. The first method applies a transfer matrix formulation and Furstenberg's theorem on the asymptotic
behavior of products of random matrices. The second method uses a Green's function formulation for a linear
eigenvalue problem of a block tridiagonal form.

Nomenclature
El = average flexural rigidity of spans or elements
Elf = flexural rigidity of span / with uniform cross sections
Eltj = flexural rigidity of element j in span i
Gi = Green's function

stiffness matrix of an N-span continuous beam
geometric stiffness matrix of an N-span continuous beam
stiffness matrix of span i-
geometric stiffness matrix of span i
average flexural stiffness of spans, EI/L
flexural stiffness of span i, Eli /Li
average length of spans
length of span i with uniform cross sections
length of element j in span /
average length of elements

K
KG

Kf
K?'s
k
ki
L
LI
Ltj
/
lij
M
N
P
PE

rij
s,c =

number of finite elements in each span
number of spans
compressive axial load
Euler buckling load for a simply supported beam of
length L and flexural rigidity El, EI(7i/L)2

l/lij
stability functions
transfer matrix
torsional spring stiffness at support i

nondimensional displacement vector of span /
angle of rotation at support i

Lyapunov exponent, localization factor
7T2p/(30M2)

I. Introduction

IN practice, many structures are designed to be composed of iden-
tically constructed elements which are assembled end to end to

form a large spatially periodic structure. However, due to defects
in manufacture and assembly, no structure designed as a periodic
structure can be perfectly periodic. Disorder can occur in the geom-
etry of configurations and material properties of the structure and is
generally of a random nature.

If a structure is perfectly periodic, the vibration modes are of
wavy shapes and extend throughout the structure. However, if it
is randomly disordered, the vibration will be confined to a small
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region with the amplitudes decaying exponentially away from a
center. This phenomenon is called vibration mode localization. It is,
therefore, important to evaluate the localization factors, the average
exponential rates at which the amplitudes of vibration grow or decay.
The reciprocal of the localization factor is the localization length,
which characterizes the distance that vibration can extend.

The study of the localization phenomenon in randomly disordered
systems has been an active area of research in solid state physics
for the last three decades. Ishii1 applied Furstenberg's theorem2 on
the limiting behavior of products of random matrices to study lo-
calization in one-dimensional systems such as random mass-spring
chains. Using a Green's function formulation, Herbert and Jones,3
and Thouless4 were able to obtain the expression for the localiza-
tion factor in terms of the density of states. The most important fea-
ture of one-dimensional disordered systems is that almost all states
are localized.

Hodges5 was the first to explain vibration localization in engi-
neering structures by the example of an array of coupled oscillators
or pendula whose natural frequencies vary from site to site. Since
then there have been several studies on the localization in vibration
modes of structures. In a series of publications6"8 and the references
therein, localization in vibration modes for monocoupled disordered
structural systems was studied.

Most of the research on mode localization has been on vibration
modes; few works have been done on localization in buckling modes
of large disordered periodic structures. Pierre and Plaut9 studied
buckling mode localization for a two span continuous beam under
axial compressive load in which the lengths of the two spans are
different. In the present paper, the localization in buckling modes
of large randomly disordered nearly periodic multispan continuous
beams is studied. It is well known that a long continuous beam over
many simple supports of equal span subject to axial compression
will lose its stability in the straight configuration when the axial
load is equal to one of the buckling loads. The buckling modes
are of wavy shapes and extend throughout the structure. Similarly,
a ring-stiffened circular cylindrical shell under axial compression
may theoretically lose its stability by the formation of wavy shapes
occurring longitudinally between the stiffeners and over the circum-
ference, which extend throughout the cylinder. However, in many
experimental studies of the buckling of ring-stiffened shells, only lo-
calized buckling modes were observed.10> *1 For strong ring-stiffened
shells, two or three buckles at most would emerge when the critical
load was reached; buckles occurred only in one bay. For weak ring-
stiffened shells, buckles appeared around the whole circumference
but extended throughout only a few bays. If each bay is considered
as an element of the periodic structure, the localized buckles may
be explained by the theory of localization in randomly disordered
systems, since in reality the bays can never be identical but will be
disordered in some random fashion.
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In this paper, the phenomenon of buckling mode localization in
disordered multispan continuous beams with uniform sections is
studied in Sec. II using an exact formulation. If the cross sections
within each span of the continuous beam are not uniform, such as
those in long bridge structures, there is no exact formulation avail-
able; approximate methods have to be applied. In Sec. Ill, a finite
element formulation and the method of condensation are applied
to establish the equations of equilibrium of continuous beams with
nonuniform sections. The localization factors of buckling modes
under axial compressive loads are related to the larger one of the
two Lyapunov exponents of the corresponding random discrete dy-
namical systems. Furstenberg's theorem2 on asymptotic properties
of products of random matrices is applied to evaluate the localiza-
tion factors/As an alternative method, the localization factors are
also obtained using the method of Green's function.

II. Buckling Mode Localization in Multispan Beams
with Uniform Cross Sections

An Af-span continuous beam under compressive load P as shown
in Fig. 1 is considered. The length of the ith span is L, , and the flex-
ural stiffness is &/ = E///L/. The average span length and flexural
stiffness are L and &, respectively. The torsional spring connecting
span i — 1 and span i has spring stiffness 7}, which reflects the cou-
pling between these two spans. When 7} is small, span i — 1 and span
i are strongly coupled, whereas when 7} is large, the two spans are
weakly coupled. As an extreme case, when 7} approaches infinity,
each span is individually clamped; there is no coupling between the
adjacent spans.

Consider a beam of length L and flexural stiffness k = EI/L as
shown in Fig. 2. It is known that12 to have a rotation 9 at support A
and no rotation at support B, a moment MA = sk0 at support A and
a moment MB = sckO at support B are required, where s and c are
the stability functions defined as

(l-2acot2a)a————————— ,
tana — a

c = -— —— -7 ——— — , a = —Jp
sin2a • — 2acos2a 2

Assume that, for the JV-span continuous beam as shown in Fig. 1,
the rotation at support i is.0,-. Employing the preceding result, the
equilibrium condition at support i requires

= 0 (1)

where

Si =
2a/ — sin 2a,

tana,- — a,- — 2at cos2a,-

From Eq. (1), 0i+1 may be expressed as

ki+t;

i = 2, 3, . . . , N

where £/ = k/k, r/ = 7}/k, or in the matrix form,

x J*+ i 'Xi =

nrt __

i-iki-i + Siki + tt

1 0
(2)

in which r/ is the transfer matrix. The state vector xn =-{0n+i, On}T

can be related to the initial state vector x\ = [62, OI}T by a product
of transfer matrices xn = TnTn-\ • • • T2Xi, where the superscript T
denotes transpose.

T
•-

L
1

T
~1 * 2 i-l i - i+l AT AM.

Fig. 1 Multispan continuous beam under compressive axial load.

Fig. 2 Stability functions s and c.

It is assumed that the disorders of spans are random, independent
of other spans, and have a common probability distribution. Then,
the transfer matrices Tj will also be independent and identically dis-
tributed. The rate of growth of the state vector xn or 9n+\ is governed
by the behavior of the product of random matrices TnTn-\ - - - T2.
The asymptotic properties of such a product have been studied
by many researchers. In this paper, Furstenberg's theorem2 on the
limiting behavior of products of random matrices will be utilized.
Furstenberg's theorem may be stated as follows.

Furstenberg's Theorem. Let T\, T2,..., Tn be nonsingular, in-
dependent, identically distributed 2 x 2 matrices, where 7", = TI (e)
is a function of the random vector e with probability density p(e).
If at least two of the random transfer matrices do not have common
eigenvectors, and if

(3)

(4)

(5)

then there exists a constant )>. > 0 such that, for each JCQ =£ 0,

Km-
n-> oo n

with probability 1 , and

lim
n-* oo n

with probability 1, where ||jc|| is a suitable norm of the vector*, and
|| T|| denotes a suitable norm of the matrix T.

It can easily be seen that the transfer matrices defined in Eq. (2)
satisfy the condition (3). Applying Furstenberg's Theorem to Eq. (2),
one obtains, with probability 1,

n-+oo n — L n-+ oo n — 1

implying that, for large n,
llv II x»Mw~l) !!-*• II
11*11 II = e 11*1 II

| = A > o

(6)

The positive number A, characterizes the average exponential rate of
growth of the norm of the state vector *„ = [On+i, 9n}T\ X. is called
the Lyapunov exponent. It can be shown that Eq. (6) implies for
large n

|0n+l 1 = (7)

Therefore, the Lyapunov exponent X characterizes the exponen-
tial rate of growth of the angles of rotations. The positivity of the
Lyapunov exponent A, for randomly disordered structure results in
the localization in the buckling modes, since the nonzero angles
of rotation growing exponentially from each end of the large multi-
span beam must match at the maximum; in other words, the buckling
mode is localized with amplitudes decaying exponentially at the av-
erage rate A. on either side of some region. The Lyapunov exponent
A is, therefore, the localization factor.

On the other hand, letting Bn = TnTn-i---T2, one obtains
Xn = Bnxi. The Euclidean norm of xn is ||*n||2 = x\BlBnx\.
Let ^m = a - == ^min be the eigenvalues of B*Bn, and el
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and e2 the corresponding orthonormal eigenvectors. By Rayleigh's
principle

tell2
eT

2BT
nBne2

l l«2ll2 = rr2
min

or

The upper and lower bounds are reached when #1 takes the values e\
and €2, respectively. Hence, taking the natural logarithm, dividing
by n — 1, and taking the limit as n -> oo results in

lim 1
> n - I

lim 1 1
n-l >n-l

The larger Lyapunov exponent is then given by

n ->• oo n —
(8)

From the well-known multiplicative ergodic theorem of
Oseledec,13 ||#n|| grows exponentially at the average rate Amax for
any x± except when x\ = e^> When x\ = e2, \\xn \\ grows at the rate

,n-l (9)

It may be noted that A2 = — Xi, since the determinant of matrix
BT

nBn is unity.
If a monocoupled structure is perfectly periodic, T2 = T$ =

= Tn = T. Let AI, A2 (| AI| > |A2|) be the eigenvalues of
r, and EI , E2 the corresponding orthonormal eigenvectors. It can
be shown that a^ = \Ai\2n~2, cr^in = |A2|2n~2 are the eigen-
values of B^Bn. Hence, from Eqs. (8) and (9), for any x\, not
parallel to E2, ||jcn|| grows exponentially at the rate X\ = &i/|A'i|,
whereas when Xi is parallel to E2, \\xn \\ grows exponentially at the
rate A2 = &v|A2|.

If the multispan continuous beam shown in Fig. 1 is perfectly
periodic, i.e., LI = L2 = • • • = LN = L, k\ = k2 = - • • = kN =
k, t\ = t2 = - - - — ftf+i = f, the transfer matrix given by Eq. (2) is
then

If |tr(J)| < 2, i.e., |y| < 1, the eigenvalues of T are complex
and the Lyapunov exponents are Xi,2 = 0. For the values of axial
compressive load P corresponding to \y\ < 1, buckling can occur.
These ranges are known as the pass bands.

If \tr(T) | > 2, i.e., | y | > 1 , the eigenvalues of T are real and \\xn \\
grows exponentially at the rate

(10)
For the values of axial load P corresponding to \y \ > 1, the larger
Lyapunov exponent is positive and, therefore, buckling cannot occur.
These regions are known as the stop bands.

When the structures are randomly disordered, the transfer matri-
ces T2, TS, . . . , Tn are random matrices. The Lyapunov exponents
or the localization factors X can be easily determined using the fol-
lowing algorithm.

An arbitrary nonzero unit vector x\ is chosen first. The state vector
Xi is determined iteratively. At the ith iteration

*f = rA-! (ID
xt is then normalized to give xf = ||jc/.||Jc/. It is easy to show that

X
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Fig. 3 Localization factors, period structure, CTL = 0.0.

From Eq. (4), the Lyapunov exponent or the localization factor is
obtained as

= lim n — 1
(12)

For perfectly periodic multispan continuous beams, the Lyapunov
exponents or localization factors A are calculated by Eq. (10) and are
plotted in Fig. 3 for different values of the nondimensional torsional
spring stiffness t. The pass bands are determined by \tr(T)\ < 2.
The values of p corresponding to the upper ends of the pass bands
are given by 1/5 = 0 and c = — I for odd number pass bands or
c == 1 for even number pass bands. The values of p corresponding
to the lower ends of the pass bands are given by the roots of |[1 +
t/(2s)]/c\ = 1, in which 1/5 ̂  0. It is seen that the larger the value
of the nondimensional torsional spring stiffness t or the weaker the
coupling between the adjacent spans the smaller the width of the pass
bands. As an extreme case, when t approaches infinity, the widths
of the pass bands become zero; the pass bands are pass points/The
pass bands corresponding to different values of t have the same
upper-end value P or p, since the corresponding buckling modes
have zero slope at all of the supports and the torsional springs do
not affect the buckling of the multispan continuous beam.

As an example of disordered periodic structures, the lengths of
the spans are assumed to be uniformly distributed random numbers
with a mean value L and a standard deviation pL, whereas other
parameters are constants. Equation (12) is employed to determine
the Lyapunov exponents or the localization factors numerically. In
performing the simulation, for the I'th iteration, a standard uniformly
distributed random number Rt is generated, the length of the I'th span
is calculated as L, = L(l + aLRi), and the entries of the transfer
matrix are calculated by Eq. (2). Iteration is carried out for a large
number of transfer matrices, e.g., n = 105. Numerical results are
plotted in Fig. 4 for aL = 0.01 and Fig. 5 for aL = 0.1 and different
values of 'f/. It can be seen that when f/ = 0, i.e., when the adjacent
spans are strongly coupled, the localization factors are very small
and localization in the buckling modes is weak. However, iff/ is
large or if the adjacent spans are weakly coupled, the localization
factors are large, especially when p is close to the ends of pass bands,
which means that localization in the corresponding buckling modes
is strong. At the middle of pass band, the localization factors are
relatively small and localization in the buckling modes is relatively
weak. From Figs. 4 and 5, it is also seen that the larger the disorder in
the periodicity of the structure, the larger the degrees of localization
in the buckling modes.

III. Buckling Mode Localization in Multispan
Beams with Nonuniform Cross Sections

When the cross sections in each span of the AT-span continuous
beam are not uniform, the exact formulation used in Sec. II is not
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Fig. 4 Localization factors, disordered structure, &L = 0.01.
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Fig. 5 Localization factors, disordered structure, <TL = 0.1.
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applicable; an approximate formulation has to be employed. In this
section, the equations of equilibrium of the multispan beam are
established by a finite element method.

Each span of the multispan beam is divided into M finite ele-
ments. A two-node beam element has four degrees of freedom, i.e.,
two translational displacements v\ and 1*3, and two rotational dis-
placements ve

2 and vl (Fig. 6). Hence, each span has 2M — 1 degrees
of freedom as shown in Fig. 7, with the global degrees of freedom
marked at each node. Each element of the beam is assumed to have
a uniform cross section; the length and the flexural rigidity of the
y'th element in the ith span are L/7 and Ely, respectively.

The stiffness matrix of a two-node element as shown in Fig. 6 is
given by

3L,7 -6
2Ltj — 3Lij

3L,V6
3Ly

-6 -3L0- 6 --3LV

3LV -I* -3LI7

(13)

whereas the geometric stiffness matrix under axial compressive load
Pis

17 30Ly

where the superscript e denotes element.

36 3Lij -36 3Ly
^J .. A / 2 or . . _ r 2
- '̂7 ^^0' JZ"^ '̂7
-36 -3Lij 36 -3Ly
- j r . . _ r 2 _^7. . A f 2

_J^,7 ^ SL^j ^L,tj

(14)

EL,

P 0) '© -P

Fig. 6 Two-node beam element.
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p m $&. m n ^ m P
Fig. 7 Global coordinates of a multispan beam.
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Fig. 8 M-element span.

For the span i as shown in Fig. 8, let the displacement vec-
tor be vjf = {v?1,vf2,...,vfM,v£M+1} r, where v/j = fai},^ =
{vi.2y-2, Vi.2j-i}. ; = 2, 3, . . . , M, and v[M+1 = {v/+u}. By as-
sembling the element stiffness matrix (13) and the element geomet-
ric stiffness matrix (14), one obtains the stiffness matrix K* and the
geometric stiffness matrix Kf "v for span i,in which the superscript
s stands for span. The equations of equilibrium are then given by

Employing the following notation

(15)

j = 2 ,3 , . . . ,M, M/+U = ^+1,1

and dividing equations 1,3,.. . , 2M — 1, and 2M of Eq. (15) by
12PE, and equations 2,4, . . . , 2M - 2 of Eq. (15) by IPE results in

(K* - vKf'^u] =0 (16)

where «J = {Mfp i if2 , . . . ,uJM,ulM+l}T, u^ = [u^uT. =

are the nondimensional stiffness and geometric stiffness matrices
for span i respectively given by

0

'*?!

(17)

G's

0

vG,s
Ki2

J..G,S
K - KiM

(18)

the elements of Kf and K?'x are given in the Appendix. Equation
(16) may also be written as

= 0 (19)

where Af = JKJ - vJKf'Y
For the span considered, uf = {M/I, w/+u}r are boundary de-

grees of freedom, and u\ — {ui2l w / 3 , . . . , M/,2M-i}T are interior
degrees of freedom. Using the method of condensation, the interior
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degrees of freedom may be expressed in terms of the boundary de-
grees of freedom. Equation (19) can be rearranged as

or
A" A

Afuf +Af'u'i = 0

A'fuf +A,'X = 0

(20)

(21)

(22)

From Eq. (22), u\ may be expressed in terms of «f , for nonsingular
A\', u\ = -(Af)-'AfB«? . Substituting u\ into Eq. (21) yields

A.VB = 0 (23)

where A? is a 2 x 2 symmetric matrix given by

To compare with the exact results obtained in Sec. II, in the fol-
lowing numerical examples the M elements in each span are taken
to be identical, i.e., KU = Ki2 = - - • = KiM = *,-, In — ki = ••'• =
IIM — li, and rn = r/2 = • • • = riM = r/. The elements of matrix
Af are

Na/D] if

where v/ = vr/, and for a two-element span, i.e., M — 2,

Afa = 2(3 v? - K, v? + 4K?vt - K?)

Nfi^Kifavf-tlCiVt+Kt)

D = 2(6vi-Ki)(2vi-Ki)

whereas for a four-element span, i.e., M = 4,
Afa = 3(1 1475 v? - 24330*,- vf + 32890*? v? - 27248*? vf

+ 1 1 123*? v? - 2066ic?v? + 160*f v; - 4*;)

A^ = -(I0125v7 - 33300/Qvf + 37590*? vf - 21818*?v?

+ 6301*? vf - 960jtf v? + 64/cfv/ - 2^-)

D = 8(6vf - ^/) (2025v? - 3645/c/vf + 2195/c?v? - 516ic?v?

For the //-span beam as shown in Fig. 1, assembling Eqs. (24)
gives the equations of equilibrium

0

c*2 02

(25)

0

where a\ = CL\\, a/ = a/_i>2 + «ii, * = 2, 3,... J
JAM-I/M, and ft = w/i , / = 1, 2 , . . . , N + 1.

In the following, localization in the buckling modes is studied;
the method of transfer matrix and the method of Green's function
are applied to determine the localization factors.

Method of Transfer Matrix
Equations (25) may be written in the form of difference equations

i = 0 (26)

nrr-ir Finite element formulation, M = 2

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5

Fig. 9 Localization factors, period structure, ox = 0.0.

6.0
P

Exact formulation

Finite element formulation, M = 2

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0
P.

Fig. 10 Localization factors, disordered structure, CTL = 0.01.

From Eq. (26), one obtains

"A-i Pi
o

(27)

Equations (2) and (27) are of the same form; the only differences are
the entries of the transfer matrices 7y. Hence, the method employed
in Sec. II may be used to determine the localization factors for the
buckling modes. As in Sec. II, the length of each span is assumed to
be a uniformly distributed random number with a mean value L and
a standard deviation crL, whereas other parameters are constants.

If only two finite elements are taken for each span, the buckling
loads in the first pass bands are reasonably accurate. The Lyapunov
exponents or the localization factors for aL = 0.0, 0.01, and 0.1 and
different values of f/ are plotted in Figs. 9-11 in broken lines.

When more finite elements are taken for each span, the buckling
loads in the higher pass bands are more accurate. In Figs. 12-14,
the localization factors obtained for four-element spans are shown in
broken lines.The exact results obtained in Sec. II are also plotted in
Figs. 9-14 in solid lines for the purpose of comparison. It is seen that,
when four elements are taken for each span, the buckling loads in
the first two pass bands are quite accurate. The accuracy of approxi-
mation can be improved by increasing the number of finite elements
for each span. The numerical results obtained from a finite element
formulation are seen to agree quite well with those obtained from
an exact formulation. Hence, the method of finite element presented
in this section is suitable for studying the localization phenomenon in
buckling modes of multispan beams with nonuniform cross sections.



-—- Finite element formulation, M = 2

0.0

Xffi: BUCKLING MODE IN DISORDERED BEAMS

X

1147

i——i ^..-r-—,---j -- ,—-r—-r—,—T—i——r
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0

P

Fig. 11 Localization factors, disordered structure, crL = 0.1.

H;H:E:: Finite element formulation, M = 4

0 1 2 3 4 5 6 7 8

Fig. 13 Localization factors, disordered structure, &L = 0.01.

~-_—r Finite element formulation, M = 4

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0

Fig. 12 Localization factors, period structure, crL = 0.0.

Method of Green's Function
Green's function formulation has been applied by Thouless4 to

determine the localization factor for one-dimensional disordered
systems, where the governing equations form a tridiagonal system.
Using the method of Green's function to calculate the localization
factors involves the eigenvalues and eigenvectors.

If the method of condensation is applied in the formulation,
namely, Eqs. (23) are employed to set up the equations of equi-
librium of the Af-span continuous beam, the governing equations
are in terms of the angles of rotation at the supports. Although the
matrix is of a tridiagonal form, the stability problem is a nonlinear
eigenvalue problem (25), which is very difficult to handle even nu-
merically. On the other hand, when both the boundary and interior
degrees of freedom are used to. establish the equations of equilib-
rium, i.e., Eqs. (19) are employed, one obtains a linear eigenvalue
problem of a block tridiagonal form. A linear eigenvalue problem
is easier to study and is, therefore, suitable for determining the lo-
calization factors using Green's function formulation.

Assembling Eqs. (19) for the N-span continuous beam leads to
the equations of equilibrium

(vKG - K)u = 0 (28)

The elements of the block tridiagonal matrices K, KG , and the dis-
placements vector u are given in the Appendix. For system (28),
Green's functions G/; are defined by

. - Kt)Gu + [v (k?)T -

7 -

6 -

5

4 -

3 -

2 -

1 -

Exact formulation
/ =2000

f,=200

7E:~Hi- Finite element formulation, M = 4

C7L=0.1

0 1 2 3 4 5 6 7 8 9 1 0
P

Fig. 14 Localization factors, disordered structure, crL = 0.1.

Green's functions can be expressed in terms of the eigenvalues and
eigenvectors of the generalized eigenvalue problem (28).

Let {V>n, . . . , Vl,2Af-i; V21, • • • , V2,2M-1» • • • • " , Vjvi, . . . , V#,2M-i;
VAM-I..I} be the eigenvalues of system (28) and the eigenvector cor-
responding to vjfe/ be (pkl = {0fp 0 i2»• • •»^,2Af-i ' ^Ar+i,i}r- ̂  nas

been shown that the r^th element of Green's function G\N is14

AT 2M-1 \LklfLkl J.N

G\SN = ̂  "̂  lr '̂V + ̂ L

The residual of G\S
N at y ='% is

Res GJV = lim (v -

(30)

(31)

For the /:/th mode with eigenvalue v*/, MI and M^ are the amplitudes
of deformation at the 1st and the Afth spans, respectively. Hence,

2A/-12M-1

r = l s=l

(29)

(32)

Equation (32) may be used to determine whether or not the eigen-
vector (buckling mode) of the continuous beam is localized, since
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the (N - l)th root of \\ui\\ - \\UN \\ tends to unity as AT tends to infinity
for a nonlocalized eigenvector, whereas it tends to a constant less
than unity, denoted by exp(-A.w), for the localized kith eigenvector.
Using the same argument as in Sec. II, if the kith buckling mode
has its maximum at the i'th span, \\HI \\, \UN \\ should be of the orders
exp{-Aw(i - 1)} and exp{-^/(AT - /)}, respectively, where A*/
is the localization factor for the kith mode; hence, \\ui\\ • \\UN\\ =
C exp{-Xki(N - 1)}, where C is a constant. From Eq. (33),

(33)

The localization factor A.*/ for the kith buckling mode has thus been
obtained in terms of the residual of Green's functions. The problem
now remains to evaluate the residual of G\N at v = vki. From the
definition of Green's functions (29), one has

(vKG - K) (34)

Using Kramer's rule, the r^th element of GIN is obtained as
G\*N = AI^/A, where A = det(vKG - JK), and A^ is the deter-
minant of the coefficient matrix when all of the elements of the rth
column are set to 0 except the element at the [(N — 1)(2M-1) +s]th
row, which is set to 1.

Let $ = [011, < / > 1 2 , . . . , 0^-2^1, 0"*1'1] be the modal matrix
of the eigenvalue problem (28). Then

AT 2M-1

A =;[det(*j]- (35)
i=l 7=1

At v = VM,

= lira (v - va)-

N(2M - 1) + 1n
(36)

where, in the denominator, the eigenvalues have been renumbered
as vi, V 2 - , . . . , v#(2A/-i)+i- Using Eqs. (33) and (36), the localization
factor for the kith mode can be evaluated numerically.

Numerical analysis was performed to calculate the localization
factors of buckling modes for a multispan continuous beam. A disor-
dered 100-span continuous beam is considered, in which two iden-
tical elements are taken for each span for simplicity of illustration.
The length of each span is again assumed to be a uniformly dis-
tributed random number with mean value L and standard deviation
crL, whereas other parameters are assumed to be constants. Equa-
tions (33) and (36) are applied to evaluate the localization factors; for
the purpose of comparison, numerical results are shown in Figs. 10
and 11 as solid dots for aL = 0.01 and 0.1, respectively. It can be
seen that the results obtained by using Green's functions and those
by using transfer matrices agree very well. To determine the lo-
calization factor of a specific finite multispan beam, the method
of Green's function gives a more accurate result, since both the
eigenvalues and eigenvectors are utilized. The method gives the
buckling modes as well. However, to determine the localization fac-
tors of a large randomly disordered multispan beam, the method
of transfer matrix is more efficient than the method of Green's
function, since the latter involves an eigenvalue problem of large
dimension.

The first five buckling modes of a randomly disordered 100-span
beam are shown in Fig. 15 for aL = 0.01, / / = 20, and M = 2. The
exponential growth (decay) of the amplitudes of the buckling mode
\\Ui || can be easily observed when they are plotted in the logarithmic
scale (Fig. 16).

Mode 5, P5 = 2.8762

Mode 4, p4= 2.8720
-^A^^

Mode 3, p3 = 2.8685

Mode 2, p2 = 2.8603

Mode 1, p, = 2.8507

OL = 0.01, t. = 20, N = 100, M = 2
span i

Fig. 15 Buckling modes, disordered structure, 07, = 0.01.

log 1 u,1|
0

-5 -

-10 -

-15 -

-20 -

-25 -

-30

Mode 2 X

, ^ = 20, # = 100, M= 2

0 10 20 30 40 50 60 70 80 90 100
span /

Fig. 16 Buckling modes, disordered structure, ox = 0.01.

IV. Conclusions
The buckling mode localization in large randomly disordered

multispan continuous beams under compressive axial load was in-
vestigated. When the cross sections within each span are uniform,
an exact formulation was employed to establish the equations of
equilibrium. If the cross sections within a span are not uniform,
there is no exact formulation available; a finite element method was
applied to set up the governing equations. The equations of equi-
librium can be expressed in the form of transfer matrices. Since
the structure is monocoupled, the deformations of the structure can
be determined by the angles of rotation at the supports; the dimen-
sion of the transfer matrices is 2 x 2. Furstenberg's theorem on the
limiting behavior of products of random matrices was employed
to determine the Lyapunov exponent or the localization factor. The
positivity of the Lyapunov exponent for disordered structures leads
to the localization in buckling modes. The second approach applied
the method of Green's function for block tridiagonal system to de-
termine the localization factors. The drawback of this method is
that, when the number of finite elements is increased, the size of
the matrices involved becomes very large and, hence, may create a
computational problem.

A torsional spring has been used at each support to simulate
the coupling between the adjacent spans. If the multispan beam
is disordered, the localization factors are always positive, implying
localization in the buckling modes. When the adjacent spans are
strongly coupled, the localization factors are small and localization
in the buckling modes is weak. If the adjacent spans are weakly
coupled, the localization factors are large, especially when p is close
to the ends of pass bands, which means that localization in the
corresponding buckling modes is strong. At the middle of a pass
band, the localization factors are relatively small and localization
in the buckling modes is relatively weak. It was also seen that the
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larger the disorder in the periodicity of the structure, the larger the
degrees of localization in buckling modes.

It is well known that, in an imperfect structure, any tiny perturba-
tion or imperfection would be magnified by the factor 11 — Pn/P \~l,
where Pn is the nth buckling load, which leads to nonzero deforma-
tion when P is close to Pn. The positivity of the Lyapunov exponent
implies that the deformation is of a localized shape. Hence, there
is localized deformation of a large randomly disordered imperfect
structure under a compressive axial load P' which is close to any of
the buckling loads. Thus, for large randomly disordered multispan
beams, the buckling mode will be localized when the compressive
axial load is equal to one of the buckling loads. For an arbitrary value
of compressive axial load close to the buckling loads, the deforma-
tion will be localized if there exist perturbations or imperfections.
This behavior may be used to explain the existence of bulges (lo-
calized buckling modes) in long stiffened tubes or large stiffened
plates or shells when subjected to compressive load.

Even though this paper dealt with one-dimensional randomly dis-
ordered multispan continuous beams, the principle and results can
be extended to two- and three-dimensional structures such as stiff-
ened plates and shells, in which only localized modes were observed
in buckling experiments.

Appendix
Elements of Matrices K*. and K0^

FH = [2*n/?i + tt/M], **M+1 .= [2*,M/?M]

where A/ = Kt - vKG, a, = kt - vkf, and

7 = 2 , 3 , . . . , M

i z »

_ r

~ L

Elements of K, KG and u
Let A = K - vKG. The elements of A or K and KG can be

expressed in terms of the elements of K\ and KG'X. Hence,

A =

0

v-i AN

u = <

Ml

UN

0, =

0

11,1
M/2

ui,2M-l ,

ro o ... o *tlf-\
o o ... o o

0 0 ... 0 0

a\,M-\

i '=1,2,... , AT

= 1,2,-...,#-

•• o *HM]
__ IfS ,,1rG'S
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